Can the clustered dark matter and the smooth dark energy arise from the same scalar 

field ? 
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Cosmological observations suggest the existence of two different kinds of energy densities domi- 
nating at small (< 500 Mpc) and large (> fOOO Mpc) scales. The dark matter component, which 
dominates at small scales, contributes fl m » 0.35 and has an equation of state p = 0, while the dark 
energy component, which dominates at large scales, contributes fly ~ 0.65 and has an equation of 
state p ~ —p. It is usual to postulate weakly interacting massive particles (WIMPs) for the first 
component and some form of scalar field or cosmological constant for the second component. We 
explore the possibility of a scalar field with a Lagrangian L — —V(<j))y/l — d % 4>di<f> acting as both 
clustered dark matter and smoother dark energy and having a scale-dependent equation of state. 
This model predicts a relation between the ratio r — pv / pum of the energy densities of the two dark 
components and expansion rate n of the universe [with a(t) oc t"] in the form n = (2/3)(l + r). For 
r ~ 2, we get n fa 2 which is consistent with observations. 



The most conservative explanation of the current cos- 
mological observations will require two components of 
dark matter, (a) First one is a dust component with 
the equation of state p = contributing Q OT ~s 0.35. 
This component clusters gravitationally at small scales 
(I < 500 Mpc, say) and will be able to explain observa- 
tions from galactic to supercluster scales, (b) The second 
one is a negative pressure component with an equation 
of state like p = wp with —1 < w < —0.5 contributing 
about fly ~ 0.65. There is some leeway in the (p/p) of 
the second component but it is certain that p is nega- 
tive and (p/p) is of order unity (for recent reviews, see 
jjj). The cosmological constant will provide w = — 1 
while several other candidates based on scalar fields with 
potentials will provide different values for w in the ac- 
ceptable range. By and large, component (b) is noticed 
only in the large scale expansion and it does not cluster 
gravitationally to a significant extent. 

Neither of the components (a) and (b) has laboratory 
evidence for its existence directly or indirectly. In this 
sense, cosmology requires invoking the tooth fairy twice 
to explain the current observations. It would be nice if 
a candidate could be found which can explain the ob- 
servations at both small and large scales (so that the 
tooth fairy needs to be invoked only once). The stan- 
dard cold dark matter model of the 1980's belongs to 
this class but - unfortunately - cannot explain the ob- 
servations. It is obvious from the description in the first 
paragraph, that any such (single) candidate must have 
the capacity of leading to different equations of state at 
different scales and making a transition from p = at 
small scales to p = —p (say) at large scales. Normal par- 
ticles (that is, one-particle-excitations of standard quan- 
tum field theory) such as weakly interacting massive par- 
ticles (WIMPs) will usually lead to the equation of state 
p = at all scales. On the other hand, homogeneous 
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field configurations in scalar field models will behave like 
dark energy with negative pressure and cannot cluster 
effectively at small scales. 

In this paper we examine the possibility of whether 
a recently proposed |J candidate — a rolling tachyon 
arising from string theory — can explain dark matter 
observations at both small and large scales. 

The structure of this scalar field can be understood by 
a simple analogy from special relativity. A relativistic 
particle with (one-dimensional) position q(t) and mass 
m is described by the Lagrangian L = — myl — q 2 . 
It has the energy E = m/yl — q 2 and momentum 
p = mq I yl — q 2 which are related by E 2 = p 2 + m 2 . 
As is well known, this allows the possibility of having 
massless particles with finite energy for which E 2 = p 2 . 
This is achieved by taking the limit of m — > and q — ► 1, 
while keeping the ratio in E — m/y/l — q 2 finite. The 
momentum acquires a life of its own, unconnected with 
the velocity q, and the energy is expressed in terms of the 
momentum (rather than in terms of q) in the Hamilto- 
nian formulation. We can now construct a field theory by 
upgrading q(t) to a field <p. Relativistic invariance now 
requires <j> to depend on both space and time [<j> = cf>(t, x)] 
and q 2 to be replaced by di4>d l 4>. It is also possible 
now to treat the mass parameter m as a function of (f> 1 
say, V(4>) thereby obtaining a field-theoretic Lagrangian 
L = —V(4>)\/l — d l 4>di<j). The Hamiltonian structure of 
this theory is algebraically very similar to the special rel- 
ativistic example wc started with. In particular, the the- 
ory allows solutions in which V — > 0, di4>d l (f> — > 1 si- 
multaneously, keeping the energy (density) finite. Such 
solutions will have finite momentum density (analogous 
to a massless particle with finite momentum p) and en- 
ergy density. Since the solutions can now depend on both 
space and time (unlike the special relativistic example in 
which q depended only on time) , the momentum density 
can be an arbitrary function of the spatial coordinate. 
This provides a rich gamut of possibilities in the context 
of cosmology B . 
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To examine this scenario in more detail, we will be- 
jin with the action which couples such a scalar field to 
gravity at low energies: 



S 



R 



vteWi-PWit ), (i) 



where <f> is the field and V(4>) is the potential. Though 
motivated from string-theoretic considerations, we shall 
take this action as the starting point and investigate its 
consequences without worrying about its origin. (In this 
spirit, we refer to <f> as simply a scalar field, rather than 
as a tachyonic field). The Einstein equations are 



R\. -~5iR= 8TrGTi 



(2) 



where the stress tensor for the scalar field can be written 
in a perfect fluid form 
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(4) 



The remarkable feature of this stress tensor is that it 
could be considered as the sum of two components (a) 
and (b) described in the first paragraph. To show this 
explicitly, we break up the density p and the pressure p 
and write them in a more suggestive form as 



P = Pv+Pbm; P = Pv+Pum 



(5) 



where 



Pdm 



Pdm = 



p v = V{(j))y/l- d l (j)di(j); Pv = ~Pv 



(6) 



(It may be noted that there are still some subtleties re- 
lated to clustering properties, time-scales etc. which have 
to be sorted out. But we believe this is indeed possible. 
For example, some of the problems related to velocities 
of the condensate particles can be addressed by using 
solutions which are Lorentz boosted, as explained in Q). 

It is, however, unlikely that such a scenario will be 
cosmologically acceptable in the absence of another com- 
ponent (b) with negative pressure described in the first 
paragraph. Unless the clustering property of this scalar 
field is sufficiently different from that of matter with 
p — 0, we will need to still invoke a separate component 
to describe cosmological observations. More generally, if 
one assumes that the field 4> has the same configuration 
at all length scales, then one would end up getting the 
same density-pressure relation (equation of state) at all 
scales. However, in the real universe, we know that the 
dynamics of structure formation and clustering at galac- 
tic scales is dominated by the pressure-less fluid compo- 
nent (dark matter), while at large scales, the dynamics 
of the expansion of the universe is governed by spatially 
averaged mean density of a pressure-less component and 
a smooth component with negative pressure. In order 
to understand these effects, we need to model the scalar 
field in such a manner that we get different equations of 
state at different scales. This is possible if we assume 
that the field 4> bas some sort of stochastic behaviour so 
that its properties at different scales can be obtained by 
carrying out an averaging over the corresponding scales. 

To tackle this complicated issue, we shall define an av- 
erage of any quantity A[(f>(t,K)} over a length scale R, 
such that the averaged quantity describes the behaviour 
of the field at that length scale. (This is a fairly stan- 
dard practice in the study of structure formation; see, for 
example, chapter 5 of j7J.) The average of A((f>) over a 
length scale R is defined by smoothing it with a window 
function Wr. Mathematically, this is expressed as 



A(R) ee {A(4>)) R 



d 3 k 



A k ((f>)W R (k), 



(27T) 3 " 

d 3 x^(0(x))e !kx , (7) 



This means that the stress tensor can be thought of 
as made up of two components - one behaving like a 
pressure-less fluid, while the other having a negative pres- 
sure. 

If V(<p) decreases with <p and has a minimum at V = 
as <p — > oo then it is possible to obtain pressure-less dust 
solutions by taking the limit V — ► 0, di<fid' l (f> — > I si- 
multaneously and keeping the energy density finite in the 
Pdm component. If this happens globally at all scales, 
then — in this limit — the scalar field will behave as 
pressure-less dust at all scales. In this limit pv will van- 
ish. Linear perturbation analysis shows j{| that this com- 
ponent will cluster gravitationally somewhat similar to 
dust-like particles. In this scenario, the scalar field will 
merely act as (yet another) candidate for dark matter Q . 



where Wu(k) oc exp(— k 2 R 2 /2) if the window function 
can be taken to be Gaussian, say. In this case, the be- 
haviour at a scale R will be described by an average po- 
tential Vr(4>) obtained by eliminating R between the av- 
erage of potential V(R) and the average of field <j>(R) 
when all the average quantities are obtained using the 
same window function. In such a description, <f> will sam- 
ple different parts of V(<j>) at different scales and it is 
possible to have different equations of state at small and 
large scales. 

To see how it works, consider a simple case in which 
the field configuration evolves as 



</>(t,x) = A(x)t 



/(x) 
t 3 ' 



(8) 
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which is a simple generalization of the evolution de- 
scribed in some of the previous works (see, e.g, ||, ||, 
0, 0). When averaged over a length scale R we obtain 
an effective field 



(/>(t,R) = A(R)t- 



f(R) 
t 3 



(9) 



The dependence of A(R) and f(R) on R will determine 
the behaviour of the field at different scales. The time 
dependence of the second term is appropriate if the ef- 
fective potential at scalar R behaves as 



V R (4>(t,R)) = V Q 



cf)(t,R) 



(10) 



which was considered earlier in Jj|, jy]. For a different 
potential, the time dependence will be different but in 
general for f > 1, the second term will be small com- 
pared to the first. [For example, if the potential has 
the form Vr(4>) oc exp(— </>/</>o), the appropriate form of 
the second term would be f(R) exp(— 2t)]. We shall now 
show that for a particular choice of A(R), we shall be 
able to produce expected behaviour of the equation of 
state at large as well as galactic scales. 

At small scales, evolution could have proceeded to the 
asymptotic limit so that V — > 0, di(f>d l (f> — > 1 and a dust 
like component prevails, which would require A{R) — > 1. 
Then we get for the average field 



I -(f) 2 - d»4>du4> 



t 2 



o 



Thus, at these scales, in the limit t — > oo, we have 



VvWy 



p V « 0. 



(11) 



(12) 



This means that the dynamics at galactic scales is domi- 
nated by the pressure-less component, whose the energy 
density is independent of time || |) . This resembles the 
non-interacting dark matter, which can cluster and is cru- 
cial for structure formation in the universe. The time de- 
pendence of the second term in the right hand side of (^) 
was chosen so as to make the energy density pdm inde- 
pendent of time. In a more general scenario, this energy 
density will be time dependent and will represent the 
standard growth of structure in the dust-like component 
in an expanding universe. 

Let us now turn into large scales to study the expan- 
sion of the universe. Since the fluctuations are likely to 
decrease with the averaging scales, 4>(R) will be a de- 
creasing function of R and we expect A(R) to have a 
value less than unity at large scales. Taking 4>(R) = 
A(R) = constant, and V = Vo4>o/ A{R) 2 t 2 one can find 
consistent set of solutions for an f£ = 1 FRW model with 



a power law expansion a(t) oc t n , where (see 
description of this solution): 



for a 



t + b Q : V(t) = 



in 2 
8nG 



ih < 13 > 



with bo being some constant. Our model reproduces the 
correct behaviour expected at large scales, provided we 
identify 



A(R) 



3V Wo = 4^G 



1-^. (14) 
on 



Thus the average value of cf> being different at different 
scales allows the possibility of the same scalar field ex- 
hibiting different equations of state at different scales. 
The rate of expansion of the universe is essentially deter- 
mined by A(R) at the larger scales. 

Since the same physical entity provides the dark mat- 
ter at all scales in this scenario, one certainly expects a 
relation between the energy densities contributed by dark 
matter (f2 m ) and dark energy (Oy). In our model, the 
energy densities for the two components are given by 



Pv 



v <t>l 



1 



1 



Vl-A(R) 2 t 2 



V 4>ly/1 -A(R)< 
A{R) 2 t 2 



AttG t 2 
3n 2 



8ttG 
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(It may be necessary to choose the value of Vb<$j m a 
particular range to match the values of the energy den- 
sities we observe today. This could be considered a fine 
tuning of the parameters, which we need to resort to at 
this stage in the absence of a more fundamental under- 
standing of the scalar field. It is no worse or better than 
the fine tuning which is required in any other model for 
dark energy.) However, the ratio of the energy densi- 
ties pv/pt>m is independent of time, and is related to the 
mean value of the scalar field at large scales by 



Pv 



1 



Pdm A(R)'- 



- 1. 



(16) 



In fact, a similar equation holds for the ratio of the two 
components at all scales. As one proceeds from smaller 
to larger scales, the dark matter contribution decreases 
and the dark energy contribution increases. 

This result can be converted into a clear prediction for 
cosmology by expressing the above equation in terms of 
the rate of expansion n: 



2 ( 1 , Pv 
n = - 1 + 

o V Pdm 



(17) 



For the values accepted at present pv/pdm ~ 2, we get 
a(t) oc t 2 . Such a rate of growth is consistent with super- 
nova observations. (The age of the universe in any ac- 
celerating model [with Q tot = l,a(t) oc t n ,n > 1] will be 
i w u/Hq, which is higher than the conventional mod- 
els with to « 1/Hq. Any model which agrees with the 
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SN observations and has entered an accelerating phase 
in the recent past will have this feature and our model 
with n « 2 is no different.) This relation between (i) the 
amounts of dark matter and dark energy present in the 
universe and (ii) the expansion rate is potentially testable 
by observations. It may be stressed that in our model, the 
evolution of the single scalar field governs the time depen- 
dence of both pdm and py. This is equivalent to saying 
that there is interaction and energy exchange between 
the two components and the energy is not conserved lo- 
cally for the dark matter and dark energy components 
separately (which would imply pdm oc a~ 3 and pv = 
constant). 

Incidentally, it may be possible to put constraints on n 
from CMB observations as well. The pressure term in the 
linear perturbation equation in this model has a factor 
(1 — 6 )k 2 where k is the wave number ||. For the solu- 
tion (|l3|), this factor is [1 — (2/3n)]k 2 and the standard 
results can be used with a rescaling of k. But since the 
angular scales of features in CMB anisotropy depends on 



this rescaling, it will lead to an n dependent rescaling of 
Doppler peaks etc. |3. Hence, CMB observations can 
provide another constraint on n. 

The really serious test of the model will arise from 
the non-linear small scale dynamics of the clustering and 
galaxy formation scenarios. This is a hard problem which 
we have not studied in this paper; instead we have intro- 
duced an ansatz for the form of scalar field at different 
scales by hand. It is necessary to investigate this model 
further and show that the basic ansatz is correct and the 
details do not run into any contradiction. While this re- 
mains to be done, we consider it very attractive that the 
single entity can possibly exhibit different equations of 
state at different scales in the universe. Such a scenario 
has nuances (for example, for CMB observations | fl2"| ) 
which have not been explored in conventional cosmology 
before. 

We thank Ashoke Sen for useful discussions. T.R.C. is 
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